1.3 Subspaces of Vector Spaces

= Subspace:

(V,+,:): avector space

W +®
Wwcl

(W,+,-): The nonempty subset W is called a subspace if W is
a vector space under the operations of vector
addition and scalar multiplication defined on V'

} - a nonempty subset of V

» Trivial subspace:
Every vector space V' has at least two subspaces

(1) Zero vector space {0} is a subspace of V' (it satisfies the ten axioms)

(2) Vis asubspace of V

»& Any subspaces other than these two are called proper (or nontrivial) subspaces
1.25



= Examination of whether W being a subspace

- Since the vector operations defined on W are the same as
those defined on V, and most of the ten axioms inherit the
properties for vector operations, it is not needed to verify
those axioms

- Therefore, the following theorem tells us 1t 1s sufficient to
test for the closure conditions under vector addition and
scalar multiplication to identify that a nonempty subset of
a vector space 1s a subspace

= Theorem 1.4: Test whether a nonempty subset being a subspace

If W 1s a nonempty subset of a vector space V, then W i1s
a subspace of V' if and only if the following conditions hold

(1)If w and v are in W, then utv 1sin W

(2) If w1s in W and c 1s any scalar, then cu 1s in W 1.26



Pf:
1. Note that 1f u, v, and w are in ¥, then they are also in V.

Furthermore, W and V' share the same operations.
Consequently, vector space axioms 2, 3, 7, 8, 9, and 10 are
satisfied automatically

2. Suppose that the closure conditions hold in Theorem 1.4, 1.e.,
the axioms 1 and 6 for vector spaces are satisfied

3. Since the axiom 6 1s satisfied (1.e., cu 1s in Wif u 1s in W), we
can obtain

3.1.forascalarc=0, cu =0 W = dzero vectorin W
— axiom 4 1s satisfied
3.2.forascalarc=-1, (-l)ueW = 4 —u=(-1)u
st. ut(—u)=ut(-Du=0

— axiom 5 1s satisfied
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= Ex 2: A subspace of M,,,
Let W be the set of all 2x2 symmetric matrices. Show that

W 1s a subspace of the vector space M,,,, with the standard

operations of matrix addition and scalar multiplication
Sol:
First, we knon that W7, the set of all 2 x 2 symmetric matrices,

1s an nonempty subset of the vector space M,
Second,
A eW A, eW=(A+4) =A +4, zA+A4, (A4+A4, W)
ceR,AeW:(cA)T:cATTCA (cAeW)

The definition of a symmetric matrix A4 is that A7 = A4
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= Ex 3: The set of singular matrices 1s not a subspace of M,,,
Let W be the set of singular (noninvertible) matrices of
order 2. Show that /¥ 1s not a subspace of M,,, with the

standard matrix operations

Sol:
1 0 0 0
A= eW, B= el
0 0 0 1
1 0 , N
QA+B-= 0 1 = [ ¢ W (Wisnot closed under vector addition)

. W 1s not a subspace of M, ,
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« Ex 4: The set of first-quadrant vectors is not a subspace of R’
Show that W = {(x,,x,):x, > 0and x, >0} , with the standard

. . 2
operations, 1s not a subspace of R

Sol:
Letu=({, hHeW

c(=Du=(=1)L,1)=(-1,-1)ew

(W 1s not closed under scalar multiplication)

. W is not a subspace of R’
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= Ex 6: Identify subspaces of R?
Which of the following two subsets is a subspace of R*?
(a) The set of points on the line given by x+2y=0
(b) The set of points on the line given by x+2y=1

Sol:
(Note: the zero vector

(a) WZ{(X,)/) | x+2y:0}:{(_2t9t) | tER} (0,0) 1s on this line)
Letv, =(-2t,,t,)eWand v, =(-2t,,t,) e W

Qv . + vV, = (—2 (tl + tz ) , tl + tz ) e W (closed under vector addition)

CV, = (—2 (Ctl ) , cz‘l ) e W (closed under scalar multiplication)

. W is a subspace of R’
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(b) W = {( X, y) ‘ X+2y= 1} (Note: the zero vector (0, 0) is not on this line)
Considerv=(1,0)e W

Q(-1)v=(-1,0)gW ..W is not a subspace of R*
« Note: Subspaces of R?

(1) W consists of the single point 0 = (O, O) (trivial subspace)
(2) W consists of all points on a /ine passing through the origin

(3) R? (trivial subspace)

N -
®
Y
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B
s

W = all points on a line
passing through the origin

—t—

o
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» Ex 8: Identify subspaces of R*

Which of the following subsets is a subspace of R>?
(a) W ={(x,,x,,]) | x,,x, € R} (Note: the zero vector is not in /7)
(b) W = {(xp Xt X;5, x3) ‘ Xis X5 € R} (Note: the zero vector is in W)

Sol:
(a)

The m‘igill does - . .
not lie in the ConSIder V= (Oa O) 1) < W

plane. ' Q (—I)V — (O, O, _1) & W
. W is not a subspace of R’
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(b)

The origin lies T

in the plane.

(0.0.0)

Consider v =(v,,v, +v,,v;) e W and u = (u,u, +u,,u,) e W
Qv+u= (v1 +ul,(v1 +ul)+(v3 +u3),v3 +u3) 34

cV = (cvl,(cv1)+(cv3),cv3) csW
. W 1s closed under vector addition and scalar multiplication,

. 3
so W 1s a subspace of R
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« Note: Subspaces of R’
(1) W consists of the single point 0 = (O, 0,0) (trivial subspace)

(2) W consists of all points on a /ine passing through the origin

(3) W consists of all points on a plane passing through the origin

(The W 1n problem (b) 1s a plane passing through the origin)

(4) R’ (trivial subspace)

»< According to Ex. 6 and Ex. 8, we can infer that if /¥ is a subspace of a
vector space V, then both 7 and 7 must contain the same zero vector 0
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= Theorem 1.5: The intersection of two subspaces is a subspace
If V and W are both subspaces of a vector space U,
then the intersection of ' and W (denoted by VW)

1s also a subspace of U
Pf:

(1) Forv, and v, in V"W, since v, and v, are in ' (and V),
v,+v,isin V (and W). Therefore, v, + v, isin VW
(2) Forv, m VW, since v, isin V (and W),
cv, isin V (and W). Therefore, cv, isin VW

Consequently, we can conclude the intersection of V' and W

(V nW) 1s also a subspace of U

><& However, the union of two subspaces is not a subspace
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