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1.3 Subspaces of Vector Spaces
n Subspace:

( , , ) :V + × a vector space

:
W
W V

¹ Fü
ýÍ þ

a nonempty subset of V

( , , ) :W + × The nonempty subset W is called a subspace if W is 
a vector space under the operations of vector 
addition and scalar multiplication defined on V

§ Trivial subspace:
Every vector space V has at least two subspaces

(1) Zero vector space {0} is a subspace of  V

(2)  V is a subspace of V

�Any subspaces other than these two are called proper (or nontrivial) subspaces

(It satisfies the ten axioms)
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n Theorem 1.4: Test whether a nonempty subset being a subspace

If W is a nonempty subset of a vector space V, then W is 
a subspace of V if and only if the following conditions hold

(1) If  u and v are in W, then  u+v is in W

(2) If u is in W and c is any scalar, then cu is in W

n Examination of whether W being a subspace
– Since the vector operations defined on W are the same as 
those defined on V, and most of the ten axioms inherit the 
properties for vector operations, it is not needed to verify 
those axioms

– Therefore, the following theorem tells us it is sufficient to 
test for the closure conditions under vector addition and 
scalar multiplication to identify that a nonempty subset of 
a vector space is a subspace
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Pf:
1. Note that if u, v, and w are in W, then they are also in V. 

Furthermore, W and V share the same operations. 
Consequently, vector space axioms 2, 3, 7, 8, 9, and 10 are 
satisfied automatically

2. Suppose that the closure conditions hold in Theorem 1.4, i.e., 
the axioms 1 and 6 for vector spaces are satisfied

3. Since the axiom 6 is satisfied (i.e., cu is in W if u is in W), we 
can obtain

3.1. for a scalar 0,     zero vector in 
                                                   axiom  is sati fied4 s

c c W W= = Î Þ $
Þ

u 0
    

3.2. for a scalar 1,  ( 1)   ( 1)  
                                                             st. +( ) +( 1)
                                                    axiom  is satisfi5

c W= - - Î Þ $ - º -
- = - =

Þ

u u u
u u u u 0

    ed
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§ Ex 2: A subspace of M2×2

Let W be the set of all 2×2 symmetric matrices. Show that 

W is a subspace of the vector space M2×2, with the standard

operations of matrix addition and scalar multiplication
Sol:

2 2

First, we knon that , the set of all 2 2 symmetric matrices, 
    is an nonempty subset of the vector space 

W
M ´

´

 )( 21212121 AAAAAAWAW,A TTT +=+=+ÞÎÎ

,  ( )  T Tc R A W cA cA cAÎ Î Þ = =

1 2( )A A W+ Î

( )cA WÎ
The definition of a symmetric matrix A is that AT = A

Second,
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n Ex 3: The set of singular matrices is not a subspace of M2×2

Let W be the set of singular (noninvertible) matrices of 
order 2. Show that W is not a subspace of  M2×2 with the 
standard matrix operations

Sol:

1 0
0 1

A B I Wé ù
+ = = Ïê ú

ë û
Q

2 2 is not a subspace of W M ´\

1 0 0 0
,  

0 0 0 1
A W B Wé ù é ù
= Î = Îê ú ê ú
ë û ë û

(W is not closed under vector addition)
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§ Ex 4: The set of first-quadrant vectors is not a subspace of R2

Show that                                                    , with the standard 
operations, is not a subspace of R2

Sol:

}0 and 0:),{( 2121 ³³= xxxxW

Let (1,  1) W= Îu

2 is not a subspace of  W R\

( ) ( )( ) ( ) WÏ--=-=- 1 ,11 ,111u!
(W is not closed under scalar multiplication)
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§ Ex 6: Identify subspaces of R2

Which of the following two subsets is a subspace of R2?
(a) The set of points on the line given by x+2y=0
(b) The set of points on the line given by x+2y=1

Sol:

{ } { }RtttyxyxW Î-==+= ),2(02),(   (a)

( ) ( )1 1 1 2 2 2Let 2 , and 2 ,t t W  t t W= - Î = - Îv v

( )( )1 2 1 2 1 22 ,t t t t W+ = - + + Îv vQ

( )( )1 1 12 ,c ct ct W= - Îv

2 is a subspace of W R\

(closed under vector addition)

(closed under scalar multiplication)

(Note: the zero vector 
(0,0) is on this line)
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( ){ }   12, =+= yxyxW

Consider (1,0) W= Îv

( ) ( )1 1,0 W- = - ÏvQ 2 is not a subspace of  W R\

(b) (Note: the zero vector (0, 0) is not on this line)

n Note: Subspaces of  R2

( )(1)  consists of the  0, 0W single point =0
(2)  consists of all points on a  passing through the originW line

2(3) R

(trivial subspace)

(trivial subspace)
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§ Ex 8: Identify subspaces of R3

{ }
{ }RxxxxxxW

RxxxxW
R

Î+=
Î=

313311

2121

3

,),,(   (b)
,)1,,(   (a)

? of subspace a is subsets following  theofWhich 

Sol:

(Note: the zero vector is not in W)

(Note: the zero vector is in W)

(a)

( 1) (0,0, 1) W- = - ÏvQ
3 is not a subspace of  W R\

Consider (0,0,1) W= Îv
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1 1 3 3 1 1 3 3Consider ( , , )  and ( , , )v v v v W u u u u W= + Î = + Îv u
( ) ( )( )1 1 1 1 3 3 3 3, ,v u v u v u v u W+ = + + + + + Îv uQ

( ) ( )( )1 1 3 3, ,c cv cv cv cv W= + Îv

3

 is closed under vector addition and scalar multiplication,

   so  is a subspace of 

W
W R

\

(b)
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n Note:   Subspaces of  R3

3(4) R

( )(1)  consists of the  0,0,0W single point =0
(2)  consists of all points on a  passing through the originW line

(3)  consists of all points on a  passing through the origin
      (The  in problem (b) is a plane passing through the origin)
W plane

W

�According to Ex. 6 and Ex. 8, we can infer that if W is a subspace of a 
vector space V, then both W and V must contain the same zero vector 0

(trivial subspace)

(trivial subspace)
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§ Theorem 1.5: The intersection of two subspaces is a subspace
If   and  are both subspaces of a vector  space  , 
then the intersection of  and  (denoted by )
is also a subspace of 

V W U
V W V W

U
Ç

� However, the union of two subspaces is not a subspace

1 2 1 2

1 2 1 2

(1) For  and  in , since  and  are in  (and ), 
       is in  (and ). Therefore,  is in 

V W V W
V W V W

Ç
+ + Ç
v v v v

v v v v

Pf:

1 1

1 1

(2) For  in , since  is in  (and ), 
       is in  (and ). Therefore,  is in 

V W V W
c V W c V W

Ç
Ç

v v
v v

Consequently, we can conclude the intersection of  and 
( ) is also a subspace of 

V W
V W UÇ
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Keywords in Section 1.3:

n subspace

n trivial subspace


